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Abst rac t - -For  any path P of max imum length m a lobster of diameter at least rive t the path 
obtained from P by deleting two vertmes from both the ends m called the central path of the lobster 
Wang et al. [1] have gwen graceful labehngs to lobsters m whmh all the vertices except one end vertex, 
say x0, of the central path arc attached to the centers of a nonzero even number of stars Kl,s~ s > 1, 
and x0 m attached to the centers of an odd number (_> 3) of stars K l ,s ,  s > 1 Moreover, m all these 
lobsters the stars K l ,s  are of one type, Le, either s is odd or even throughout In thin paper, we give 
graceful abelings to some new classes of lobsters m which the vertices of the central path have the 
same property as above except for one important feature~ that the stars K l ,s ,  s > 0, (notme that  we 
also consider the case s ---- 0) incident on the central path need not be of one type ~) 2005 Elsevmr 
Ltd All rights reserved 
Keywords - -Grace fu l  labehng, Lobster trees, Odd and even branches, Inverse transformation, 
Component moving transformation 
1. INTRODUCTION 
Recall that a graceful abehng of a tree T with q edges is a bijection f : V(T) --~ {0, 1, 2 , . . . ,  q}, 
such that {If(u) - f(v)l : {u,v} is an edge of T} = {1,2, . . .  ,q}. A tree which has a graceful 
labehng is called a graceful tree. A lobster is a tree having a path from which every vertex 
has distance at most two. It is also said in literature [2] that a lobster is a caterpillar with 
longer legs where a caterpillar is a tree having a path from which every vertex has distance at 
most one. We realize a lobster in terms of its central path which is described below. If L is a 
lobster with diameter at least five and P is a path of maxamum length, then we obtain the path 
H = z0 ,z l , . . .  ,xm from P by deleting two vertices, one from each end. This path H is called 
the central path of the lobster L. It is easy to see that the central path is unique. Throughout 
the paper, we use H to denote the central path of a lobster with diameter at least five. It 
follows directly from the definition of a lobster that besides the adjacency in H each z~ is at most 
adjacent o the centers of some stars KI,~, s _> 0. Since we consider lobsters of diameter at least 
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fly% the vertices xo and Xm are adjacent o the center of at least one star KI,~ with s > 1. For 
x~ E V(H) ,  if x, is adjacent o the center of KI,s, s >_ 0, then we call Kl ,s an even branch if s is 
nonzero even, an odd branch if s is odd, and a pendant branch if s = 0. Furthermore, whenever 
we say x,, for some 0 <,  < m, is attached to an even number of branches, we mean a "nonzero" 
even number of branches unless otherwise stated. 
In 1964, Ringel and Kotzig [3] conjectured that "every tree has a/3-valuat ion' ,  which became 
popular as "the graceful tree conjecture" after Golomb [4] (1972) cal led/3-valuation as graceful 
labeling. The graceful tree conjecture is unsolved till date. In 1979, Bermond [5] conjectured that 
"all lobsters are graceful", which is a special case of the "the graceful tree conjecture". Bermond's 
conjecture is also open, and only a few classes of lobsters are known to be graceful due to [1,6-9]. 
The graceful obsters due to Wang et al. are i l lustrated in Figure 1. 
v v 
X0 X 1 X2 
w 
X m 
Figure i The graceful lobsters given by Wang et al. (m > 1, ~ > 0, l = 0, 1, 2, . , m, 
and the circles enclosing the vertices adjacent to the central path are either M1 odd 
or all even branches ) 
Motivated by [1] and the graceful labeling of diameter four trees in [10], we show in this paper 
that  the ideas of Wang et al. are not l imited to giving graceful abeling of lobsters in which only 
one type of branches are attached to all the vertices of the central path. In this paper, we give 
graceful abelmgs to some new classes of lobsters in which the degree of x,~ is odd, the degree of 
x~, 0 < i < m - 1, is even, and which have one of the following features, 
1. For some tl~t2, 0 < tl < t2 <_ m, each x~, 0 < ~ < t l ,  is attached to all three types of 
branches in certain combinations; each x~, t l  + 1 < i < t2, is attached to two types of 
branches in certain combinations; and each x,, t2 + 1 < z < m, is attached to only one 
type of branches. 
2. For some t, 0 < t < m, each x,, 0 < z < t, is attached to all three types of branches 
in certain combinations; each x,, t + 1 < ~ < m, is attached to two types of branches in 
certain combinations; or only one type of branches. 
The following definitions, terminologies, and existing results are used to prove the results of 
this paper. 
LEMMA 1.1 (See [1,10].) If f is a graceful labeling of a tree T with n edges then the inverse 
transformation o f f ,  defined as fn(v) = n - f  (v), for all v e V(T) ,  is also a graceful abehng o fT  
DEFINITION 1.1. (See [1,10].) For an edge e = {u,v} of a tree T, we define u(T) as that 
connected component of T - e which contains the vertex u. Here, we say u(T) is a component 
znc~dent on the vertex v. I f  a and b are the vertices of a tree T, u(T) is a component incident 
on a, and u(T) ~ b, then deleting the edge {a, u} from T and making b and u adjacent is calIed 
the component moving transformation. Here, we say the component u(T) has been moved from a 
to b This is illustrated in Figure 2. 
Throughout he paper, we write "the component u" instead of writ ing "the component u(T)",  
but whenever we wish to refer to u as a vertex, we wrote "the vertex u". By the label of the 
component "u(T)", we mean the label of the vertex u. Moreover, we shall not dmtinguish between 
a vertex and its label. 
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T T, 
Figure 2. The tree T1 obtained from the tree T by moving the component u(T) from 
the vertex a to the vertex b 
LEMMA 1.2. (See [10].) Let a and b be two vertices and f be a graceful labeIing of a tree T 
Let u(T) and v(T) be two components incident on a where u(T) U v(T) ~ b Then, the following 
hold, 
(i) if f (u) + f (v )  = f(a) + f(b), then the tree T* obtained from T by moving the components 
u(T)  and v(T) from a to b is a/so graceful, 
(ii) if 2f(u) = f (a)  + f(b), then the tree T** obtained from T by moving the component u(T) 
from a to b is also graceful. 
LEMMA 1.3. (See [10].) Let T be a diameter four tree with q edges. / f  a0 is the center vertex 
and the degree of ao is 2k + 1, then there exists a graceful labeling f o fT ,  such that 
(a) f(ao) = 0 and the labelings of the neighbours of ao are 1, 2 , . . . ,  k, q, q - 1 , . . . ,  q - k. 
(b) from the sequence S = (q, 1, q - 1, 2, q - 2, 3 , . . . ,  q - k ÷ 1, k, q - k) of vertex labels, the 
centers of the odd branches get labels consecutively from the beginning, then the centers of 
the even branches get labels consecutively, and finally, the centers of the pendant branches 
get labels. 
EXAMPLE. LEMMA 1.3. The tree T(L)  in Figure 6 is a diameter four tree whose center xo has 
degree 35 (odd). [E(T(L)) 1 = 96 and 2k+1 = 35, i.e., k = 17 and so S = (96, 1, 95, 2, 94, 3,..  , 78, 
17, 79). The tree T(L)  has been gracefully labelled by using the technique of [10, Theorem 1] 
and this labeling satisfies (a) and (b) of Lemma 1 3. 
2. RESULTS 
In this section, we first give a general theorem (Theorem 2.1) which involves a method of 
producing different graceful trees from a given graceful tree of a certain kind. This idea will be 
&scussed in Construction 2 1, i.e., the trees T and T1 (starting from a graceful tree T, another 
graceful tree T1 is produced by the construction) (see Figures 3 and 4). 
Aj 
At 
n 
Figure 3 The tree T with vertex ao and its neighbours The circles around the 
nelghbourlng vertmes of ao represent the respectwe components incident on them 
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first 2 ~,~- 1and first 2 ~o,) 1 and p the last ond from A ~' n 
t h ~ , ~  first 2 ~,~ - 1 and ,,,ftrst 2 ~,q)l a n d  
the last ohe from A ' " ~ m  {=) 1 the last one from A. ~ st 2 X! 1)" " l I l l '  ~ 1 a lK I  
the last one from A (m) 
'k Yl 
4 
fu'st 2 X(10 ) and 
the last one from A~ 
Figure 4. The tree T1 obtained from T shown m Figure 3 Here, we take sl = s2 = 
. . . sn  = ~. 
Figure 5 A lobster L of type (a) m Table 2.1. Here, m = 6, t = 2, and s = 3. 
X 
4 
X0 
K 5 
L "~4 
Figure 6 The tree T(L) corresponding to the lobster m Figure 5 with a graceful 
labehng obtained by techniques of [10, Theorem 1] 
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Then, in the rest of the paper, for a given lobster L with H as its central path, we construct 
a diameter four tree T(L) by successively identifying the vertices x~, 1 < ~ < m, with x0 (see 
Figures 5 and 6). We g~ve a graceful abeling to T(L) by using the technique of [10], and finally 
apply Theorem 2.1 to T(L) and H to get a graceful abeling of L. Of course, while giving a 
graceful labeling to T(L), we also give importance to the order by which the centers of the 
branches incident on the center of T(L) get labels, and for this Construction 2.1 will be used. 
The lemma below plays an important role m proving Theorem 2.1. 
LEMMA 2.1. Let S = (Q,t2,. ,t2p) be a finite sequence of natural numbers m which the sums 
of consecutive terms are Mternately l + 1 and l, beginmng (and ending) with the sum 1 + 1. Then, 
the sums of consecutive terms in the sequence $1 -- (¢z+l(t2k+2), ¢l+l(t2k+3),. . . ,  ¢l+l(t2p-1)) 
where Cn(x) = n - x, 0 < k < p - 2, are alternately l + 2 and l + 1, beginning (and ending) with 
1+2. 
PROOF We have for 2k + 2 < z < 2p - 1, 
(~l+1 (t~) -~ ¢l+1 (t~+l) =2(1+1)  
= { 2(z+ 
2(1 + 
= { l+1,  
/+2,  
- (t, + 
1) - ( /+1) ,  if ( t ,÷t ,+ l )=/+1,  
1) - l, i f  (t~ + t ,+ l )  = l, 
if (t, +t~+l) = l + 1, 
if (t, + t~+l) = I. 
Therefore, the sums of consecutive terms of the sequence S 1 are l + 1 and I ÷ 2 alternately. 
Moreover, the sum of the first two terms, ¢1+1 (t2k+2) + ¢~+1 (t2k+3), is l + 2 as t2k+2 + t2k+3 = I. 
Since the total number of terms in $1 m even the sum of the last two terms is l ÷ 2. | 
CONSTRUCTION 2.1. Let T be a graceful tree with q edges and a0 be a nonpendant vertex of T 
with degree 2k + 1. Suppose there exists a graceful abeling f of T in which a0 gets the label 0 
and the labels of the neighbours of a0 are 1, 2 , . . . ,  k, q, q - 1, q - 2, .. ,  q - k (see Figure 3) 
Consider the sequence S = (q, 1,q - 1, 2 , . . . ,  k,q - k). For any integer n > 0, if possibM 
partition the sequence S into n parts A1, A2, . . . ,  A~, where 
A1 = (q, 1 ,q -  1 ,2 , . . . , r l ,  q -  rl) 
and 
A s = (rj-1 + 1,q - r3_ 1 -- 1,r j_ l  + 2, q - r3_ 1 i 2 , . . .  ,r j ,q - r3), 
2 < j <_ n, and 0 < rl < r2 < ""  < r~ = k. We construct a t reeT1  (see Figure 4) f romT 
by gluing the vertex y0 of a path H ~ = (y0, y l , . . . ,  ym) with a0 and distributing the components 
(incident on the vertex a0) in Aj, 3 = 1 ,2 , . . . ,n ,  to y~, i = 0 ,1 ,2 , . . . , s3 ,  where 0 <_ s 3 < m, in 
the following way. 
1. At Y0, we retain 2,~ 1) + I(A~ 1) > 0) components from A1. In particular, we retain 2),~ 1) 
components whose labels are consecutive from the beginning to the last component of A1, 
namely, the components whose labels are q, 1, q -  1, 2 , . . . ,  q -  A (1) + 1, ,~(1) q -  r 1. If s i >_ 1, 
then we delete those components from A1 which are kept at Y0 and name the remaining 
sequence A~ i). 
2. For j = 2,3 , . . .  ,n, we retain 2A~3)(A (3) > 1) components of A 3 at y0. In particular, we 
retain 2A~ 3) - 1 components whose labels are consecutive from the beginning to the last 
component of A3, namely the components whose labels are r3_ 1 + 1, q - r3_1  - 1, r3_1 + 
),~J) ÷ ,~3)q _ r3" If s 3 > 1, then we delete those components 2, . . ,q - - r3_  1 -  +l , r3_  1 
from A 3 which are kept at Y0 and name the remaining sequence A~ 1) 
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3. For 1 < 7 -< n, if s a _> 1, then we move 2A~a)(A~ 3) ~ 1) components from A 3 to y~, 
1 < i < s 3 . In particular, we move 2A~ 3) - 1 components consecutively from the beginning 
to the last component of A~ *), where A~ ~) , for ~ _> 2, is obtained from A~ ~-1) by deleting the 
components which are moved to Y,-1. The nonnegative integers A~ 3), z -- 0, 1, 2 , . . . ,  sj, are 
chosen in such a way that sl (1) . x-~sj )~(]) ~=0A~ =r l ,  and for ) = 2, 3, . . ,n,z_ ,= 0 , =ra-ra_z. | 
In the following theorem, for a graceful tree R with e edges and a graceful abeling f ,  we use 
the notation " f (R)"  to denote the tree R with the graceful abeling f.  Also, for any sequence 
F = (a l ,a2 , . . . ,a~) ,  re(F)  is the sequence (e -  a l ,e -  a2 , . . . ,e -  a~). 
THEOREM 2.1. The tree T1 in Construction 2.1 is graceful. 
PROOF. We first consider the tree TU {Y0, yz} where the vertices a0 and Yo are glued and {Y0, Yl} 
is an edge. We give the label q+ 1 to Yl Clearly, TU  {Y0,yl} is graceful with a graceful abeling 
f(i) where fO) is same as f on T and it gives the label q + 1 to Yl. Then, we move all the 
components in A~ z), 3 = 1, 2 , . . . ,  n, to Yl and let the resultant ree be T'.  One can notice that 
each A~ 1), j = 1, 2 , . . . ,  n, can be partitioned into pairs of labels whose sum is q + 1 (consecutive 
terms). Therefore, the tree T I is graceful by Lemma 1.2(1). 
7e(1) is Next, we take the inverse transformation Jq+lr(1) of the graceful abeling fO) of T'.  So, Jq+l 
a graceful abeling of T '  by Lemma 1.1 and the label of yz in 4`(1) /~r,~ Jq+l  J is 0. Next, we make Y2 
adjacent o Y1 in fq(~-)l (T') and give the label q + 2 to Y2- Obviously, T'tO (Yl, Y2} is graceful with 
4"( 1 ) Tr  a graceful abeling f(2) where f(2) is the same as Jq+l on and it gives the label q + 2 to Y2. 
_ ~(1) ~2)), from Yl For those 3 with s 3 > 2, j = 1,2, . . .  ,n, we move all the components in jq+l(A 
to Y2 and let the resultant ree be T". Observe that the sums of consecutive terms in A~ 1) are 
alternately q+ 1 and q (beginning and ending with q+ 1) so by Lemma 2.1 the sums of consecutive 
terms in 4`(1) (A(2)3 Jq+l~ a J are alternately q ÷ 2 and q + 1 beginning and ending with q ÷ 2. One sees 
that each f~1)l(A~2) ) can be partitioned into pairs of labels whose sum is q÷ 2. By Lemma 1.2(i), 
T"  is graceful. 
We repeat the above procedure for a total of max{sl,  s2, . . ,  s~} times, and if the above maxi- 
mum is equal to m, then we stop; otherwise, the labeling of the rest of the vertices of H ~ can be 
given by using the inverse transformation only The graceful tree that is obtained on the vertex 
set V(T) 12 V(H') is easily seen to be the tree T1. | 
EXAMPLE. THEOREM 2.1. The graceful tree T(L) shown in Figure 6 is an example of a 
tree T in Theorem 2.1 in which the nonpendant vertex x0 has degree 35, i.e, 2k + 1 = 35 
and [E(T(L))] = 96. The tree L in Figure 11 is the tree T1 of Theorem 2.1. In T(L), xo has the 
label 0 and its neighbours get labels from the sequence S = (96, 1, 95, 2 , . . . ,  17, 79). The path 
H = x0, x 1 , . . . ,  x5, plays the role of the path H '  with m = 5 in Construction 2.1. In this example, 
we take n = 3, r l  = 4, r2 = 12, sl = 2, s2 = m = 5, sa = 3. Therefore, here, S = A1 tO A2 to Aa, 
where A1 = (96,1, . . . ,4 ,92) ,  A2 = (5, 91,6, . . . ,12,84) ,  and A3 = (13, 83,14, . . . ,17,79) .  Fur- 
ther, we take A~ 1) = 1, )~{1) = 2, )~1) = 1, /~(0 2) ~-- 1, ,~2) = 2, ,~2) = 1, /~(3 2) = 1, ~ i  2) = 1, 
A(~ =) = 2, A(o a) = 1, A~ a) = 1, A~ a) = 2, and A~ a) = 1. By following the procedure described in the 
proof of Theorem 2.1, we get a graceful abeling of L in Figure 11. | 
Next, we apply Theorem 2.1 (Construction 2.1) to diameter four trees to obtain some new 
classes of graceful obsters in Theorem 2.2. Recall that in a lobster, every vertex on the cen- 
tral path is attached to a combination of odd, even, and pendant branches. We represent his 
combinatmn by a triple ( - ,  - ,  - ) ,  where entries represent the number of odd, even, and pendant 
branches, respectively. In the graceful obsters of Theorem 2.2, the vertices of the central path 
have the following features. 
All the vertices are attached to a combination of odd and even branches or some of the con- 
secut~ve vertices starting from x0 are attached to a combination of odd and even branches and 
Lobsters ~ (o, e, O) 
a 0 
b 0 
c 0 
d 0 
e 
f 
Graceful Lobsters 
Table i Structure of the lobsters revolved m Theorem 2 2 
(0,0,0) 1 or (e,e,O) (e,O,O) 1 or (O,O,e) 
(0, o, 0) 2 (0, e, 0) 2 
Xl~X2, ~Xt~ :Tt+l~ ~t+2,  . .~Xm XO~Xl~. ,2:s~ 
t~_m l f t<rn s~m 
XO~Xl~ . .~Ts~ 
- -  X l~X2,  . .~Xm s~_m 
x l~x2~. . .  ~xt, xt-F l~Xt+2, ~Xrn~ 
t~m f f t<m 
- -  Xl,X2~ ,:Era - -  
0 (1) Xl, X2,.. Xm (1) XO, Xl, , X~, 
(respectively, (2)) (respectively, (2)) s _< m 
o (1) ~,~2,. ~m (1) _ 
(respectively, (2)) (respectively, (2)) 
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each of the remaining vertices is attached to either odd or even branches, or all the vertices are 
attached to either odd or even branches. In addition to this, either all the vertices or some of the 
consecutive vertices starting from x0 may be attached to an even number of pendant branches. 
THEOREM 2.2. The lobsters in Table 1 are graceful 
DESCRIPTION OF TABLE The symbols e, o, and 0 mean any even number of branches >_ 2 unless 
otherwise stated, any odd number of branches, and no branch, respectively. (For example: (e, 0, o) 
means an even number of odd branches, no even branch and an odd number of pendant branches.) 
If in a triple e or o appear more than once then it does not mean that the corresponding branches 
are equal in number; for example, (e, e, o) does not mean that the number of odd branches is 
equal to the number of even branches In any column the notation 0 (respectively, ~- - -  3) means 
x0 (respectively, each xl, ~ _< l _< j)  is attached to the mentioned combination of branches in the 
corresponding column heading. The notation 0(r) (respectively, i ---+ 2(r)), r = 1, 2, means x0 
(respectively, each xt, ~ < l < 3) is attached to the combination of branches mentioned in the 
column heading in which r is the superscript. 
PROOF. For every lobster L described by Table 1, we first construct he diameter four tree T(L)  
corresponding to L. Suppose IE(T(L))I = q and the center x0 of T(L)  has degree 2k + 1. We 
give the label 0 to x0. We partition the sequence S in Construction 2.1 into two or three parts, 
i.e., we take n = 2 or 3 in Construction 2.1 in such a way that each A3, 3 = 1, 2,3, contains the 
centers of only one type of branches. 
Let L be a lobster in Table 1. We follow the two steps given below. 
1. We partition S into three parts, i.e., we take n = 3 in Construction 2.1 and determine 
rl and r2, and hence, A1, A2, and A3. Here, the terms in A1, A2, and A3 will be the 
labels given to the centers of the odd, even, and pendant branches, respectively, mcident 
on x0 in T(L).  Therefore, IAll = 2rl + 1, is the number of odd branches incident on x0 
m T(L), and IA~I = 2r (say), is the number of even branches incident on x0 m T(L).  We 
determine r2 by setting r2 = rl + r. Once we determine A1 and A2, A3 is determined. 
2. We give labelings to the centers of the branches incident on xo in T(L)  in the following 
manner 
(i) For i = 0, 1 , . . . , t ,  among the odd (respectively, even) branches incident on x~, the 
center of one branch gets the last label of A~ ~) (respectively, A~ ~)) and the centers 
of the rest of these branches get labels consecutively from the beginning of A~ ~) 
(respectively, A~')), where A~ °) = d 1 and  d(20) = d 2. 
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(ii) For g = t + 1,t + 2,. . .  ,m, among the odd (or even) branches incident on x~, the 
center of one branch gets the last label of A~ ~) (or A~ ~)) and the centers of the rest of 
these branches get labels consecutively from the beginning of A~ *) (or A~*)). 
(iii) For ~ = 0, 1, . . . ,  s, among the pendant branches incident on x~, the center of one 
branch gets the last label of A~ ~) and the centers of the rest of these branches get 
labels consecutively from the beginning of A (~), where A(a °) = Aa. 
One can notice that the above labeling of the centers of the branches incident on the center x0 
of T(L) follows Part (b) of Lemma 1.3. Therefore, by Lemma 1.3, there exists a graceful labeling 
of T(L) with the above labelings of x0 and the centers of the branches incident on x0 (i.e., we give 
labels to the remaining vertices of T(L) by using the techniques of Theorem 1 in [10]). Finally, 
we apply Theorem 2.1 for n = 3 to T(L) and the path H = xo,xb... ,xm to get a graceful 
labeling of L (see example below). This approach will be the same for all the remaining cases of 
the theorem and hence, we will just indicate the modification we do in Steps 1 and 2 above. 
EXAMPLE. A LOBSTER OF TYPE (a) IN TABLE 1 Consider the lobster presented in Figure 5 
which is of type (a) in Table 1. We construct he graceful diameter four tree T(L) shown in 
Figure 6. The total number of edges in T(L) is q = 96 and the degree of the center is 2k+ 1 = 35. 
So, k = 17 and the sequence S = (96, 1, 95, 2 , . . . ,  17, 79). Here, 
m~-~6,  
t=2,  
s----3~ 
IAll = 2r l  + 1 = 9, 
[A2[ = 16, 
and 
[Aa[ = 10. 
30 
40 56 69 ?~947 
6~84 2 27 66 31 70 
4 7 3 93 4 90 32 
68 94 51 
89 45 
28 5 13 95 2 8 64 
21 33 
\T o 
~/r~ / ~7 t r~~/ / / / -~ l  \ \ \ ~ -"---~' ~ 63 
- ~8 83 1~ I~ x~Z21NN~7 ~ 036 -60 
Figure 7. The graceful obster obtained by making xl adjacent o xo, g]vmg the label 
97 to xl, and moving all of the branches m A~ 1), j = 1,2,3, to xl.  
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28 67 48 
57 42 26 7LW~ 'OI,/O ?~ 50 31 
6. 30~ % / / /  ' 66 47 
49 ~ ~ 13\ 743. 7311 ~,93 / / ~  : l e ,  /@ 65 
////15~.... -'~ 
76 45 
"" r9 14 4056 -58 -39 ~ I~37 N-. 36 ~.Q:R 
61 
F~gure 8. The graceful lobster obtained by applying the reverse transformatmn to 
the lobster in Figure 7, making x2 adjacent to xl, g]wng the label 98 to x2, and 
.(~) ,_(2), moving all the components m I97 L~t: ), 3 : 1, 2, 3, to x2 Let th~s label be f(~). 
30 6841 57. 27 71 28 
49-~ 1~ : 72 b ~ ~ ~IP ;0150 40 47 66 45 64 35~4 36 39 
69 85 14 48 67 32 5 1 6! b 37 
77201 7W~ )1~97 74 / +96~18 ~4 2~ @-/4 75 8~ 6~@/9/~0 ~NIII '55 59 
20 79 19 23 
Figure 9. The graceful obster obtained by applying the inverse transformatxon to
the lobster in Figure 8, making x3 adjacent o xs, giving the label 99 to x2, and 
r(2) ~(1):a(3)~ moving all the components m J98 J97 k"3 ], 3 = 2,3, to x3 Let th~s label be f(3) 
6-31' .  
7 
78 
79 20 
~7 o 28 71 29 4 
2~'~I~ I  ~ ~68~ 9 59 52 33 ~ 6" 
~\1 / /  ~/OO51~2)1D6748 1~43-~ -11882~87 
12 25r~96+3~81 75 7'~ @/r9~ ]'7 16 
~"~80 ?~5 ~24 ;6 -- 26 84 
, 64 
56 54 35 1~563a39~0 
,"%T T/'J.; 
6 44 
3 53 
Figure 10 The graceful obster obtained by applying the reverse transformation to
the lobster in Figure 9, making x4 adjacent o x3, giving the label 100 to x4, and 
~(3) ,(2) ~(1)/A(3)~rA(4)x moving all the components m 169 :gs J97 ~.'~3 /k 2 ), to x4. Let this label be f(4). 
Therefore, 2r2 + 1 = 9+ 16 = 25, A1 = (96 ,1 , . . . ,4 ,92) ,  A2 = (5 ,91 ,6 , . . . ,12 ,84) ,  and 
A3 = (13, 83, 14 , . . . ,  17, 79). We give the label 0 to the vertex x0 and give labelings to the centers 
of the branches incident on x0 as per Step 2. Using the techniques of [10, Theorem 1]), we obtain 
a graceful abeling of T(L) given in Figure 6. Then, in Figure 7, we make xl  adjacent o x0, give 
the label 97 to xl  and move all the components in A~ 1), 3 = 1, 2, 3, to xl .  The tree in Figure 8 
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42 58 
78 22 79 80 24 76 ~ . 
25 
59 43 34 '~ 
57 ,,1 tip /6o  44 46 65 64 
/-' 35 36 
47 66 39 54 37 
~ ~ ~ ~  87 91 13 56 
9 9 3 90 I1 
II 18 82 17 10 88 89 45 362 
26 
Figure 11 The lobster L with a graceful labeling obtained by applying the inverse 
transformation to the lobster m Figure 10, making x~ adjacent to x4, giving the label 
101 to xh, and moving all the components in f(4)loof(3)f (2)f(1)tA(5)',99 98 97 t 2 / tox4. 
is obtained by applying the inverse transformation to the lobster found in Figure 7, making x2 
adjacent o xl, giving labeling 98 to x2 and moving all the components in 
7 , 3 = I, 2, 3, 
to x2. Cont inuing m this manner ,  we  finally get the graceful labeling of L presented in Figure II. 
For lobsters of type (b), the proof follows if we  proceed as in the proof involving the lobsters 
of type (a) by  setting t = 0. 
For lobsters L of type (c) and  (d), the proof follows if we  proceed as in the proof involving the 
lobsters of type (a) by  modi fy ing Steps i and  2 as follows. 
I. We partition S into two parts, i e., we  take n =- 2 and  r2 -- k and  then repeat Step 1 to 
determine rl, and  hence, A I  and  A2. 
2. If L is of type (c) (respectively, (d)), then set r2 = k (respectively, r2 -~ k and t = 0) in 
Steps 2(i) and 2(ii). 
For lobsters of type (e), the proof follows if we proceed as in the proof involving the lobsters 
of type (c) by modifying Steps 1 and 2 as follows. 
1. We replace odd branches by odd (or even) branches and even branches by pendant 
branches in Step 1 
2. Set r2 = k. For ~ = 0, 1 , . . . ,  m (respectively, += 0, 1 , . . . ,  s), among the odd (or even) 
(respectively, pendant) branches incident on x~, the center of one branch gets the last label 
of A~ +) (respectively, A (+)) and the centers of the rest of these branches get labels consec- 
utively from the beginning of A~ +) (respectively, A~)), where A~ °) = A1 and A(2 °) = A2. 
For lobsters L of type (f), the proof follows if we proceed as in the proof involving the lobsters 
m (e) by modifying Steps 1 and 2 as follows. 
1. We do not partition S, i.e., we take n = 1, rl = k, and S --- A1. Here, the terms in A1 
will be the labels given to the centers of the odd (or even) branches of L. 
2. We set rl = k and give labelings to the centers of the odd (or even) branches in a manner 
as described in Step 2. | 
REMARK 2. I. The  graceful labeling of the lobsters in Table 1 f is the main  result of Wang et 
al [I] except for the case in wh ich  the number  of branches incident on x0 is equal to one. (In 
their work, the number  of branches incident on x0 is at least three.) 
We show in Theorem 2.3 be low that by  partitioning S in a slightly different manner  than we 
have done in Construct ion 2.1, we  get graceful lobsters in wh ich  the combinat ion  of odd, even, 
and  pendant  branches incident on x0 will be different f rom those for the lobsters m Table i. 
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Lobsters  ~ xo is at tached to Combinat ion  of branches incident on x~, 1 < ~ < m 
(a) (e, o, e), first e may be equal  to 0 same as the lobsters of type  (a) or (b) m Table 1 
(b) (o, o, o) same as the lobsters of type  (a) or (b) in Table 1 
(c) (e, e, o), one of these e may be 0 same as the lobsters of type  (a) or (b) m Table 1 
(d) (e, o, 0) same as one of the  lobsters of type  (c) or (d) in Table 1 
(e) (e, 0, o) (respectively, (0, e, o)) same as the lobsters of type  (e) in Table 1 
THEOREM 2.3. The lobsters in Table 2 are gracefu]. 
PROOF. As before, for any lobster L of Table 2, we construct the diameter four tree T(L) 
corresponding to L. Suppose IE(T(L)I = q and the degree of the center of T(L)  is 2k + 1 We 
give the label 0 to x0. The sequence S is the same as in Construction 2 1. 
For lobsters L of type (a), (b), or (c), we partition S into three parts as S = A1 U A2 U A3 
in such a way that the terms in A1, A2, A3 will be the labels given to the centers of the odd, 
even, and pendant branches incident on the center of T(L),  respectively. We will determine A1, 
42, and 43 explicitly in each case. We use the notation 4~ 0, 3 = 1, 2, 3, to denote the sequence 
obtained from 43 by deleting the branches which are kept at x0. 
Suppose L is a lobster of type (a). Next, we proceed as per the following steps. 
1. Let the number of odd and even branches incident on x0 in T(L)  be 2pl and 2p + 1, 
respectively. Therefore, 
fi-1 =(q , l ,q - - l ,2 , . . . ,q - -p l+ l ,p l ) ,  
22 = (q - p l ,p1-b1,q  - pl -1 ,p l  + 2, . ,q - p2 ÷ l,p2, q - p2), 
A3 = S \ A1 U 42, 
where P2 = Pl + p. 
2. We give labelings to the centers of the branches incident on x0 in T(L)  in the following 
manner. 
(i) In T(L) ,  the centers of all the odd branches incident on x0 get labels consecutively 
from the beginning of 41, and among the the even branches incident on x0 in L, 
the center of one branch gets the last label of A2 and the centers of the rest of 
these branches get labels consecutively from the beginning of -~2. The centers of the 
pendant branches incident on x0 get labels from 2 3 exactly in the same manner in 
which they got labels from A~ in the proof involving the lobsters of type (a) (or (b)) 
in Table 1. 
(ii) We notice that 4~ 1) is the sequence A~ 1) in the proof revolving the lobsters of type (a) 
(or (b)) in Table 1 with Pl = r l  and P2 = r2. Therefore, the centers of the branches 
incident on x~, 1 < z < m, get labels in exactly the same manner as described in the 
proof involving the lobsters of type (a) (or (b)) in Table 1. 
Finally, the technique involving the proof of Theorem 2.1 is applied to T(L)  and H,  so as to get 
a graceful abeling of L (see example below) This approach will be common for all the lobsters 
of this theorem, so for the remaining cases, we mention the changes m Steps 1 and 2 only. 
EXAMPLE. A LOBSTER OF TYPE (a)  IN TABLE 2. The lobster L in Figure 12 is of the type (a) in 
Table 2. Figure 13 represents the diameter four tree T(L)  corresponding to L. Here, ]E(T(L)) I = 
q = 59 and deg(x0) = 2k + 1 = 19. So, k = 9 and the sequence S = (59, 1, 58, 2 , . . . ,  9, 50), m = 3, 
t = 1, s = 2, [41[ = 2pl = 8, ]42[ = 2 / )+1 = 5, i.e., P2 =Pl  +P = 6, and [43[ = 6. Therefore, 
A1 = (59, 1 , . . . ,  56, 4), 22 = (55, 5, 54, 6, 53) and 43 = (7, 52, . . ,  9, 50). We give the label 0 to 
the vertex x0 and give labelings to the centers of the branches mcident on x0 as per Step 2. Using 
the techniques of [10] we obtain a graceful labeling of T(L)  g~ven in Figure 13. Then, in Figure 14, 
we make xl adjacent o x0, give the label 60 to Xl and move all the components in 2~ 1), j = 1, 2, 3, 
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Figure 12 A lobster L of type (a) lnTable2 Herem=3, t= 1, ands=2 
10 '~49~1~}8 4 2 47 
50\[/ | \ T P46 
5 9 9 1 14 
8 45 
26- " 7 
2~o¢ i~5 ~ 4)~5t~ \~X~l 941 
2s.'.~////f /1\ I \~. a0 " 
3529.c3¢/~! ~ :J~. ~920 
24 3023 722 21 
Figure 13 The tree T(L) corresponding to the lobster in Figure 12 with a graceful 
labeling obtained by techmques of [10] (Theorem 1of [10]) 
~ ~ ~ _ ~ 1 2  47 
346 
10 4911 48 5 9 14 
50-,27'55 33  .  Z2.. 43 
5 2040 
Figure 14 The graceful obster obtained by making Xl adjacent o xo, giving the 
label 60 to xl, and moving all of the branches in ~1), j = 1, 2, 3, to xl 
36 42 19 43 
37.3~ T 33 28 35 2734 20 -~N~ "18 
25 56 5 29 53 0 52 9 " " 
31 ~424~0 G~,xl *~ x2 oz-x3 24fl~ I ~x..0 266 55~1 ~'~592e--~'~r~48 °'~ T,: 3 
-.+ x5 
49~12~) I  327338 2~3 39~1; 40 21 -~7~14174 1~6 46 
Figure 15 The lobster L of Figure 12 with a graceful abehng 
to xl. Proceeding according to the technique in the proof of Theorem 2.1, we finally get the 
graceful abeling of L presented in Figure 15. 
For lobsters L of type (b), we make changes in Steps 1 and 2 in the following manner. 
1. Let the number of odd and even branches incident on xo in T(L) be 2pl + 1 and 2p+ 1, 
respectively. Therefore, A1 = (q, 1, q - 1, 2 , . . . ,  q - pl + 1,pl, q - pl),  A2 = (pl + 1, q - 
pl - 1, pl + 2 , . . . ,  q - p2 + 1, p2, q - p2, p2 + 1), -~3 = S \ A1 t2 fi,2, where P2 = Pl + P. 
2 
(i) In T(L), the centers of the even branches incident on x0 in L get labels consecutively 
from the beginmng of A2, and among the pendant branches incident on x0 in L, the 
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center of one branch gets the last label from fi,3 and the centers of the rest of these 
branches get labels consecutively from the beginning of fi~3. The centers of the odd 
branches incident on xo get labels from A1 as they got labels from A1 in the proof 
involving the lobsters of type (a) (or (b)) in Table 1. 
(ii) We repeat Step 2(ii) in the proof of (a). 
For lobsters L of type (c), we make changes in Steps 1 and 2 in the following manner. 
1. Let the number of odd and even branches incident on x0 in T(L)  be 2pl and 2p, respec- 
tively. Therefore, fi-1 = (q , l ,q -  1 ,2 , . . . ,q -p l  + 1,pl),-~2 = (q -P l ,P l  + 1, q -p1  - 
1,pl ÷2 , . . . ,q -p2  ~- 1,p2),-~3 = S\-~I [-J -~2,  where p2 =P l  +P.  
2. 
(1) In T(L), the centers of the odd (respectively, even) branches incident on x0 m L get 
labels consecutively from the beginning of A1 (respectively, -42). The centers of the 
pendant branches incident on x0 get labels as mentioned in the proof of (b). 
(ii) We repeat step 2(ii) in the proof of (a) 
For any lobster L of type (d), we partition S into two parts as S = A1 U fi~ in such a way that 
fi-1 consists of the labels given to the centers of the odd branches incident on x0 in T(L)  and fi-2 
consists of the centers of the even branches incident on x0 in T(L) .  The notation ~!1) z = 1,2, 
is obtained from fi~l) by deleting the branches which are kept at xo. 
1. A1 and fi-2 are the same as given in Step 1 in the proof of (a) with p2 = k 
2. 
(i) The centers of the odd and even branches incident on x0 get labels from fill and A2 
in exactly the same manner as described in the proof of (a). 
(ii) We notice that fi~l) is the sequence A~ 1) in the proof involving the lobsters of type (c) 
(or (d)) in Table 1 with Pl = rl. The labels are given to the centers of the branches 
incident on x~, 1 < ~ < m, in the same manner as described in the proof involving 
the lobsters of type (c) (or (d)) in Table 1. 
For lobsters of type (e) the proof follows from the proof of (d) by replacing odd branches by 
odd (or even) branches and even branches by pendant branches in Steps 1 and 2(i) and repeating 
Step 2(ii) by replacing A~ 1) in the proof involving the lobsters of type (c) (or (d)) in Table 1 by 
A~ 1) in the proof involving the lobsters of type (e) in Table 1. | 
CONCLUDING REMARK. In all, the lobsters to which we give graceful labelings in this paper, the 
vertex xm gets the largest label and xm-1 gets the label 0. Therefore, using Lemma 1.1, we can 
obtain more graceful lobsters by attaching a caterpillar to the vertex Xm or by attaching a suitable 
caterpillar (any number of pendant branches or an odd (or even) branch or the combination of 
both) to the vertex xm-1 in any of the lobsters discussed in Theorems 2.2 and 2.3. 
As we mentioned in the introduction, the degree of the vertex xm is an odd number in all the 
graceful obsters of this paper. By attaching a branch to xm, we can make its degree an even 
number. Therefore, our method also gives graceful abeling to some classes of lobsters in which 
the degree of every vertex of the central path is an even number. Next, one can think of giving 
graceful abeling to lobsters in which the degree of every vertex in the central path is an odd 
number or the degrees of these vertices are a mixture of odd and even numbers. Some graceful 
lobsters in [7] have the above property, but they are of a very specific kind. Hence, many classes 
of lobsters remain for finding graceful labelings. 
REFERENCES 
1. J G. Wang, D J Jm, X G. Lu and D. Zhang, The gracefulness of a class of lobster trees, Mathl. Comput 
Modelhng 20 (9), 105-110, (1994) 
2. D B West, Introductwn to Graph Theory, pp 70, Prentme-Hall ofIndia Private Limited, New Delhi, (1999) 
3 G. Rmgel, Problem 25 m theory of graphs and apphcatlons, In Proceedings ofSymposium Smolenzce 1963, 
pp 162, Prague Pubhshmg House of Czechoslovak Academy of Scmnce, (1964) 
380 D MISHRA AND P PANIGRAHI 
4 S W. Golomb, How to number a graph, In Graph Theory and Comput~ng~ (Edited by R C Read), pp. 23-37, 
Academic Press, New York, (1972) 
5 J C. Bermond, Radio antennae and French windmills: Graph theory and combmatorics In Research Notes 
m Maths, Volume 34, (Edited by R J Wilson), pp 18-39, (1979). 
6 H K Ng, Cracefulness of a class of lobsters, Notzces AMS 7 825-05-294, (1986) 
7. W.C. Chen, H.I Lu and Y.N. Yeh, Operations of interlaced trees and graceful trees, South East As~an 
Bulletin of Mathematzcs 4, 337-348, (1997). 
8 D Morgan, All Lobsters w~th Perfect Matehings Are Graceful, (Preprmt); ht tp : / /www,  cs .ua lber ta ,  ca/~ 
davldm/tiger, ps. 
9. J.A Galhan, A dynamic survey of graph labeling, Eleetronze Journal of Combznatomcs DS5 (6-7), (January 
20, 2005), h t tp ' / /www,  combinator l cs ,  o rg /Surveys / .  
10 P Hrnciar and A Havmr, All trees of diameter five are graceful, D~screte Mathematics 233, 133-150, (2001) 
